Abstract. In this paper we prove that intersection bodies cannot be direct sums using Fourier analytic techniques. This extends a result by Lonke. We also prove a necessary regularity condition and a convexity condition for a body of revolution to be an intersection body of a star body.
Introduction
Let K, L be origin-symmetric star bodies in R n . The body K is called the intersection body of L, and denoted by K = IL, if the radius of K in each direction is equal to the (n − 1)-dimensional volume of the central section of L that is perpendicular to that direction. In other words, if ρ K (ξ) = max{a : aξ ∈ K} is the radial function of K, then for every ξ ∈ S n−1 , we have ρ K (ξ) = Vol n−1 (L ∩ ξ ⊥ ).
The volume of the section of L can be written using the spherical Radon transform R (see [2, 5] ):
The more general class of intersection bodies is defined as follows. A star body K is an intersection body if its radial function ρ K (ξ) = max{a : aξ ∈ K} is the spherical Radon transform of an even non-negative measure µ, i.e., for every continuous function g on S n−1 ,
Rg(ξ)µ(dξ), ∀ξ ∈ S n−1 . Intersection bodies were originally introduced by Lutwak [9] in connection to the Busemann-Petty problem (see, for example, [5] ), and were instrumental in finding its complete solution [3] .
A Fourier-analytic characterization of intersection bodies is due to Koldobsky [5] . If ξ K = ρ K (ξ) −1 denotes the norm associated to the body K, then K is an intersection body if and only if the Fourier transform of ·
−1
K is a positive distribution, i.e. its action on any non-negative test function gives a non-negative result.
The structure and the geometric properties of intersection bodies are hard to understand for at least two reasons. First, if n = 2, 3, 4, all origin-symmetric convex bodies in R n are intersection bodies, and thus their study is only meaningful in dimension n ≥ 5. Secondly, Zhang proved that no polytope is an intersection body of a star body if n ≥ 4 [12] .
Intersection bodies are closely related to zonoids, a very symmetric class of convex bodies. Zonoids admit several different characterizations [1] . For example, they are
Hausdorff limits of sums of segments. Full dimensional zonoids are also centered projection bodies (K is the projection body of L if the width of K in every direction ξ equals twice the (n − 1)-dimensional volume of the projection of L orthogonal to ξ).
Notice the parallel with the definition of an intersection body of a star body. In a certain sense, it may be expected that the geometric properties of intersection bodies are dual to the geometric properties of zonoids, since there is a certain duality between sections and projections (see Section 7.4, Note 4 in [11] 
This problem is related to an isometric analogue of a well-known theorem of Grothendieck [7] , asserting that among infinite dimensional Banach spaces, the ones which are isomorphic to both a subspace of L 1 and a quotient-space of L ∞ are isomorphic to a Hilbert space. R. Schneider [10] used high-order derivatives of the support function to construct examples in all dimensions of zonoids whose polars are also zonoids, that are not ellipsoids. It is known that all his zonoids tend to the Euclidean ball as n goes to infinity. It is not known if there are zonoids whose polars are zonoids that do not converge to the Euclidean ball.
Y. Lonke [8] showed that if K = A + B is a convex body in R n , n ≥ 3, such that dim(span A) = n, 1 ≤ dim(span B) ≤ n − 2, then the polar of K is not a zonoid. This shows, in particular, that a zonoid whose polar is also zonoid cannot have an (n − 2)-dimensional face. In the case of a direct sum, he was able to get rid of the restriction on the dimension of the face, and proved the result for 1 ≤ dim (span B) ≤ n − 1. On the other hand, Lonke proved that the barrel Z n = B 2 n + B 2 n−1 is a zonoid whose polar is also a zonoid in dimensions n = 3, 4. Thus, it is possible for a zonoid whose polar is a zonoid to have an (n − 1)-dimensional face. The construction of such examples in higher dimensions would give a negative answer to Problem 1.
In Section 2 we present a necessary condition for a body K to be an intersection body.
It is an extension of Lonke's results, proved using the Fourier-analytic characterization and Koldobsky's Second Derivative Test [6] . We show that if In Section 3 we prove a regularity condition for a body of revolution to be the intersection body of a star body. We also find an equator-convexity condition that allows us to determine, given an intersection body of a star body of revolution in R n , if the body in R n+2 that has the same 2-dimensional radial function is still an intersection body in dimension n + 2. The original motivation for the work in this section was to prove that Lonke's zonoid Z n is not an intersection body in dimension 5 and higher, thus explaining why its polar is not a zonoid in those dimensions. As it turned out, Z n is an intersection body in dimensions 5 and 6, but not in dimensions 8 and higher.
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2. Direct sums are not intersection bodies for n ≥ 7
Let K be an origin-symmetric convex body in R n , n ≥ 5, that can be written as a
because of the direct sum, A and B inherit central symmetry from K. We shall show that K is not an intersection body. Since a central section of an intersection body is also an intersection body [4] , it is enough to consider the case in which j = 1, i.e. A is a segment. We will write the points z ∈ R n in the form z = (x, y), where x ∈ R and y ∈ R n−1 . Assuming that the segment A has length 2, the norm associated to K can be written as
We shall use the second derivative test introduced in [6] to prove that K is not an intersection body. Theorem 1 in [6] requires that the function x → (x, y) has continuous second derivative everywhere on R. However, in our calculations all the derivatives of the norm will be taken in the sense of distributions and we will not need this regularity.
The following proof follows that of Lemma 1 in [6] . For every m ∈ N, we consider
Proof. Let us define the sets
Integrating by parts twice, we obtain (2) 2
Since u(y) and h m (x) are positive functions, and h ′ m (x) is negative, the first and third integrals in (2) are positive. Thus, we only need to study the second integral,
Using the change of variables z = my, we can rewrite this integral as
Since the integral is well defined and n ≥ 5, this term converges to 0 as m goes to infinity, as we want.
Now we turn to the second case. If (x, y) ∈ W , then
The change of variables z = my gives
which, as before, converges to 0 when m goes to infinity.
It follows (cf. [6] ) that K is not an intersection body. We write the proof for completeness.
Theorem 2. Let K be a direct sum of a segment and an
Proof: Suppose that K is an intersection body. Then (x, y)
K is a positive definite distribution (by Theorem 4.1 of [5] ). This implies, by Lemma 2.24 and Corollary 2.26 in [5] , that there exists a finite Borel measure µ 0 on S n−1 such that, for every even test
In our case, (4) becomes
Let φ(x, y) = h m (x)u(y), where h m (x) and u(y) are the functions defined before Lemma 1. Then,
With this choice of φ, (5) becomes
In the first inequality we have used Lemma 1. Thus, the measure µ 0 is supported on S n−1 ∩ {ξ 1 = 0}, which is a contradiction with the fact that K is an n-dimensional body.
Remark 3. Theorem 2 proves that any direct sum in n ≥ 7 is not an intersection body, since one of its summands has at least dimension 4. In order to prove the same result for n ≥ 5, there is only one case left to consider: a direct sum of a 2-dimensional and a 3-dimensional body in R 5 . Proposition 6 below gives a necessary condition for a body of revolution with an (n−1)-dimensional face to be an intersection body.
Let K ∈ R n be a body of revolution with an (n − 1)-dimensional face. As before, we denote the points of R n as (x, y), with x ∈ R and y ∈ R n−1 . Assume that the axis of revolution of K is the x-axis, and that the face perpendicular to it has radius 1 and is placed at height 1. Then the norm · K can be written as
where g(x, r) is positive, convex, homogeneous of degree 1 and even with respect to each variable. In particular, for every r = 0 fixed, g(x, r) has a positive minimum at
Proposition 6. Let K be a body of revolution with a face and assume that:
(1) For every fixed r = 0, the function x → g(x, r) has continuous second derivative on |x| < |r| and
Then K is not an intersection body.
Proof:
With u(y) and h m (x) defined as in Lemma 1, we consider the integral (x, y)
The first of these two integrals is exactly the same as the integral in (1). As we showed in (2), it is well defined and converges to 0 as m goes to infinity if n ≥ 5.
We integrate by parts the second integral and we use that g is homogeneous of degree 1 and that g(1, 1) = 1 (from the definition of the norm of K), obtaining
Making the change of variables w = my, I is equal to
which tends to 0 as m goes to infinity.
As for II, another integration by parts gives
Remark 7.
A similar proof shows that any centrally symmetric body (not necessarily of revolution) that has a cylindrical part is not an intersection body.
3. Regularity and convexity conditions for an intersection body of revolution to be the intersection body of a star body Let L be a centered star body of revolution about the x n -axis in R n , and let ρ L be its radial function, which we assume to be continuous. The radial function ρ L may be considered as a function of the angle ϕ from the x n -axis.
Let K be the intersection body of L, defined as the body whose radial function ρ K is the spherical Radon transform of ρ
sin ψ dψ, if 0 < ϕ ≤ π/2, and ρ K (0) = κ n−1 ρ L (π/2) (n−1) . Here, ω n denotes the surface area of the unit ball in R n . A derivation of this formula can be found in [2] , Theorem C.2.9.
If we substitute x = sin ϕ, t = cos ψ in (6), we obtain
When ρ L is continuous, this formula can be inverted:
for 0 < t ≤ 1 (see [2] , Corollary C.2.11).
Our first proposition determines the relation between the regularity of ρ K and ρ L , thus providing a necessary regularity condition for a body of revolution to be an intersection body of a star body. 
Corollary 9. Let K be a body of revolution in R n , with n ≥ 4 even. A necessary condition for K to be an intersection body of a star body is that its radial function
−1 for 0 < ϕ < π/2, and of class C n−2 at ϕ = π/2.
Some immediate applications of Corollary 9 are the following:
• Any body of revolution that is not C 1 , such as the cylinder, or a cylinder with two conical caps, is not an intersection body of a star body in dimensions 4 and higher.
• A double cone is not an intersection body of a star body in dimensions 4 and higher, because its radial function is not C 2 at ϕ = π/2.
Proof of Proposition 8:
Part 1: We consider first the case 0 < ϕ < π/2. It will be more convenient to use equation (7), with 0 < x < 1. Let us denote r(t) = ρ L (arccos t) n−1 , and
F (x), and we have to prove that if r(t) ∈ C m , then
The first derivative of F is
Looking at the second term, we see that the exponent of (x 2 − t 2 ) has decreased by one. Continuing this process, the k-th derivative of F will thus contain a term in which the exponent of (x 2 − t 2 ) is (n − 4 − 2k)/2. Hence, the (n − 2)/2-th derivative of F will be the first to contain a term without integral, which is the term with the lowest regularity. It is equal to
Thus, if r ∈ C m , then F ∈ C m+(n−2)/2 .
Part 2:
To study the regularity at the point x = 0, we extend F evenly (since it is the radial function of a body of revolution). At x = 0, the value of F must be
so that F is continuous. This is easy to see by expanding the term (x 2 − t 2 ) (n−4)/2 in Equation (9) and applying L'Hôpital's rule.
We will show that, for every natural number k,
Hence the regularity of F (x) at x = 0 is the same as the regularity of r(x) at x = 0.
We proceed by induction. Assume that (10) holds for every k ≤ k 0 . We will show that the formula is true for k 0 + 1. Expanding the binomial inside equation (9), we can write F as
where
and
Let us fix j and consider the term
We have to prove that
Observing that
and, if k 0 − i ≥ 1,
and multiplying both the numerator and denominator of T j (x) by x 2j+k 0 +1 , T j (x) can be rewritten as
In the term inside square brackets, we group together the terms with derivatives of r j (x) of the same order, obtaining
Recalling now that r j (x) = r(x)x 2j , this sum equals (14) 2j
The inner sum appearing in (14) is zero for every value of k 0 and l, because it is equal to ∆ m P (x) evaluated at x = 2j, where P (x) = (x + 1)(x + 2) · · · (x + m − 1) and ∆ is the difference operator ∆P (x) = P (x − 1) − P (x). But if we apply ∆ m to a polynomial of degree m − 1, we obtain zero. Thus, (14) equals
Writing this instead of the square brackets in (13), we now have
This proves (12) and hence the regularity of F at 0 is the same as the regularity of r at 0.
Part 3:
Finally, we will show that ρ K (ϕ) ∈ C m+n−2 at ϕ = π/2. If we set u = π/2−ψ and
, equation (6) becomes, disregarding the constants,
for 0 ≤ ϕ ≤ π/2. Since K is centrally symmetric, for π/2 < ϕ ≤ π its radial function is
In particular, all even derivatives of ρ K are continuous at π/2, and the odd derivatives are continuous if and only if their value at π/2 is 0. The same is true for the body L and thus for s(u). Our hypothesis says that s ∈ C m , and we will assume that s (m+1) is not continuous at π/2.
Observe that I ′ (π/2) = 0, and that all the odd derivatives of g(ϕ) = csc ϕ are 0 at ϕ = π/2. Hence, ρ ′ K is continuous at π/2, and for k ≥ 3 odd,
The highest order derivative of s(u) will appear in the term
at ϕ = π/2, we have to find the first value of k for which ρ (k)
K contains a term with s (m) multiplied by a function which is non-zero at π/2. That value of k will give us the regularity of ρ K .
Since
, we need to differentiate the integral I(ϕ) (n − 2)/2 times in order for s to appear outside of an integral. Indeed, I
contains a term of the form (cos ϕ)
(sin ϕ) (n−4)/2 . Then, f (l) (π/2) = 0 for 0 ≤ l ≤ (n−4)/2, and f ((n−2)/2) (π/2) = 0. Thus, I (n−2+m) is the first of the derivatives of I containing the term s (m) (ϕ)f ((n−2)/2) (ϕ).
This shows that ρ K has regularity C m+n−2 \ C m+n−1 at π/2.
Theorem 8.1.13 in [2] proves that if a body K ⊂ R 4 is axis-convex and its radial function ρ K (ϕ) is C 1 for 0 < ϕ < π/2 and C 2 at ϕ = π/2, then K is an intersection body of a star body. (The statement of theorem actually asks for ρ K to be in C 2 , but in its proof the continuity of the second derivative is only used at the point π/2). The regularity hypothesis ensures the continuity of the inverse Radon transform of ρ K , as in Proposition 8. The axis-convexity guarantees that the inverse Radon transform of ρ K is non-negative. It is well known that, in dimensions 5 and higher, there exist infinitely smooth convex bodies that are not intersection bodies of star bodies [2] . Hence, we cannot expect a result similar to Theorem 8.1.13 in dimension n ≥ 5. However, the following theorem shows that if a body of revolution K ⊂ R 2n 0 is an intersection body of a star body that verifies an additional axis-convexity-type property, then K is also an intersection body of a star body in dimension 2n 0 + 2.
Before stating the theorem, we will introduce some notation. We say that a body of revolution L ⊂ R n is equator-convex if its intersection with every plane parallel to the equator of L is convex. If we consider L to be 2-dimensional, L is equator-convex if every line parallel to the x-axis intersects the body in a line segment.
Given a radial function ρ K (ϕ), 0 ≤ ϕ ≤ π/2, we will denote by K n the body of revolution in R n whose radial function is ρ K .
Theorem 10. Let n ≥ 4 even, and let K n be a body of revolution with radial function Proof: Since K n is the intersection body of L, and denoting f (t) = ρ L (arccos t), we have by (7):
Let ρ(t) be the (n + 2)-inverse Radon transform of ρ K . To show that K n+2 is an intersection body of a star body, we need to check that ρ(t) is a non-negative continuous function. By (8) and (15),
. After ( n 2 ) applications of the operator
Example 11.
Our first application of Theorem 10 will be the construction of a body that is an intersection body of a star body up to dimension 2n 0 , and is not an intersection body starting from dimension 2n 0 + 2. Consider the star body of revolution L whose radial function is
The function ρ L is just continuous, and L is not equator-convex (see Figure 1 ). Let K 2n 0 be the intersection body of L in dimension n = 2n 0 , and ρ K its radial function.
Notice that, although ρ L is not C 1 , its derivative is piecewise continuous. Hence, in dimension 2n 0 + 2, ρ K is the Radon transform of a piecewise continuous, sign-changing function., and this means that K 2n 0 +2 is not an intersection body. Figure 2 shows the cross-section of the intersection body of L in dimension 4. We can also start with a body that has higher regularity. For example, let ρ L (ψ) = (2 − 6 cos 2 ψ + 5 cos 4 ψ) 1/3 . This function is C ∞ , but L is not equator-convex (see Figure 3 ). As before, let ρ K be given by (6) with ρ L = ρ L and n = 2n 0 . Then, by Theorem 10, K 2n 0 is an intersection body of a star body, but K 2n 0 +2 is not an intersection body.
Example 12.
We will now study the barrel B = B n + B n−1 ⊂ R n , where B n is the unit ball in R n .
See Figure 4 . This body was introduced by Lonke in the paper [8] , where he proved that, in dimensions 3 and 4, B is a zonoid whose dual is a zonoid (and, in particular,
B is an intersection body). Lonke's proof that the dual of B is a zonoid does not work in dimensions 5 and higher, and we are interested in studying if the reason can be that B no longer is an intersection body. Since this measure is negative at the point t = 1/ √ 2, B is not an intersection body in dimensions 8 and higher. Thus, the dual of Lonke's barrel's is not a zonoid in dimensions 8 and higher. Only in dimensions 5, 6 and 7 the question is still unanswered.
